Abstract. In this paper, we investigate some properties of SIP, SSP and CS-Rickart modules. We give equivalent conditions for SIP and SSP modules; establish connections between the class of semisimple artinian rings and the class of SIP rings. It shows that R is a semisimple artinian ring if and only if RR is SIP and every right R-module has a SIP-cover. We also prove that R is a semiregular ring and J(R) = Z(RR) if only if every finitely generated projective module is a CS-Rickart module which is also a C2 module.
Introduction and notation
Throughout this paper R denotes an associative ring with identity, and modules will be unitary right R-modules. The Jacobson radical ideal in R is denoted by J(R). The notations N ≤ M , N ≤ e M , N ✂ M , or N ⊂ d M mean that N is a submodule, an essential submodule, a fully invariant submodule, and a direct summand of M , respectively. We refer to [6] , [9] , [18] , and [23] for all the undefined notions in this paper.
Recall that a module M is called a SIP module (respectively, SSP module) if the intersection (or the sum) of any two direct summands of M is also a direct summand of M (see [12, 14, 22] ). It is known that every Rickart right R-module M (i.e., every endomorphism of M has the kernel a direct summand) has the SIP (see [16, Proposition 2.16] ) and every d-Rickart right R-module M (i.e., every endomorphism of M has the image a direct summand) has the SSP ([17, Proposition 2.11]).
A module M is called an SIP-CS module if the intersection of any two direct summands of M is essential in a direct summand of M . It is known that every CS-Rickart module has the CS-SIP (see [2, Proposition 1 
.(4)]).
In this paper, we provide some characterizations of SIP, SSP, SIP-CS and CS-Rickart modules.
SIP modules and SSP modules
Let f : A → B be a homomorphism. We denote by f the submodule of A ⊕ B as follows:
The following result is obvious and we can omit its proof.
We next study some properties of SIP and SSP modules via homomorphisms:
Proposition 2. The following conditions are equivalent for a module M :
We consider the homomorphism ψ :
It is easily to see that ψ is a split monomorphism. By (2), A 1 +ψ(A 1 ) = A 1 +T is a direct summand of M . Furthermore, A 1 +T = A 1 ⊕Im(f ), which implies Im(f ) is a direct summand of A 2 .
(3) ⇒ (1). Suppose that M = A 1 ⊕ A 2 and f :
Clearly, ψ is a split epimorphism and Ker(ψ) = A 1 . By (3), A 1 + T is a direct summand of M . On the other hand,
Corollary 3. The following conditions are equivalent for a module M :
Similarly with SIP, we also have some characterizations of SIP-modules:
The following conditions are equivalent for a module M : with E ′ ∈ Ω, can be completed, and the diagram:
can be completed only by an automorphism h.
A right R-module M is called a C3-module if whenever A and B are direct summands of M with A∩ B = 0, then A⊕ B is a direct summand of M . Dually, M is called a D3-module if whenever M 1 and M 2 are direct summands of M and Proof.
. Let S be a simple right R-module. Call ϕ : R R → S an epimorphism. By (3), M = R R ⊕ S has a D3-cover, say α : C → M where C is a D3-module. Let ι 1 : S → M and ι 2 : R R → M be the inclusion maps for all i = 1, 2. Note that S and R R are D3-modules, and there are homomorphisms
. This shows that M is isomorphic to a direct summand of C, which implies that M is a D3-module. We deduce that Ker(ϕ) is a direct summand of R R by [4, Proposition 4] . It follows that S is a projective module. Thus R is semisimple.
(
. Let S be a simple right R-module. Call ϕ : R R → S an epimorphism. By (5), M = R R ⊕ S has a D3-envelope, named ι : M → E where E is a D3-module. Since S and R are D3-modules, there exist f 1 : E → S, f 2 : E → R such that f i ι = π i , where π 1 : M → S and π 2 : M → R are the projections. There exists φ : E → M such that π i φ = f i for all i = 1, 2. It follows that φι = id M , and hence ι is a split monomorphism. Thus N ⊕ E(N ) is isomorphic to a direct summand of E. This gives that S ⊕ R is also a D3-module. We deduce that Ker(ϕ) is a direct summand of R R . So S is a projective module. Thus R is semisimple.
Corollary 8. The following conditions are equivalent for a ring R:
(1) R is a semisimple artinian ring.
(2) R R is SIP and every right R-module has a SIP-cover. (3) R R is SIP and every 2-generated right R-module has a SIP-cover.
(4) R R is SIP and every right R-module has a SIP-envelope. (5) R R is SIP and every 2-generated right R-module has a SIP-envelope.
A ring R is called a right V-ring if every simple right R-module is injective.
Proposition 9. The following conditions are equivalent for a ring R: (2) ⇒ (1) Let N be an arbitrary simple module. Assume that ι : M = N ⊕E(N ) → E is the C3-envelope, where E is a C3-module. Since N and E(N ) are C3-modules, there exist
It follows that φι = id M , and so the monomorphism ι splits. Thus N ⊕ E(N ) is isomorphic to a direct summand of E. It follows that N ⊕ E(N ) is also a C3-module. Therefore N is a direct summand of E(N ). This gives N is injective. Thus R is a right V-ring.
(3) ⇒ (1) The proof is similar to the proof (3) ⇒ (1) of Proposition 7.
Similarly, we also get the following result for injectivity of semisimple modules: 
SIP-CS modules
is essential in a direct summand of M for all i ∈ I, I is a finite index set, then i∈I A i is essential in a direct summand of M . M is called a lifting SSP module if A i lies above a direct summand of M for all i ∈ I, I is a finite index set, then i∈I A i lies above a direct summand of M . The class of CS-Rickart (d-CS-Rickart, SIP-CS, lifting SSP) modules is studied by the authors in [1, 2] .
Lemma 11. The following implications hold for a module
Proof. We only need to prove for the case n = 2, i = 1.
(1) Assume that M = M 1 ⊕ M 2 is relatively CS-Rickart to N . There exists ϕ : 
Proposition 12. The following implications hold for a module M : (1) if M is a SIP-CS module with C2 condition and M
= M 1 ⊕ M 2 then M 1 relatively CS-Rickart to M 2 .
(2) if M is a lifting SSP module with D2 condition and M
(1). We have that Ker(f ) = f ∩ M 1 ≤ e eM for some e 2 = e ∈ S, by M is SIP-CS.
(2). We have that Im(f ) ⊕ M 1 = f + M 1 lies above eM for some e 2 = e ∈ S, by M is lifting SSP. Since
. This is equivalent to
, which implies that Im(f ) lies above the direct summand eM ∩ Im(f ) of M . Next we give a necessary and sufficient condition for a ring over which every finitely generated projective module to be an SIP-CS -module which is also a C2 module.
Corollary 13. The following implications hold for a module
M = M 1 ⊕ . . . ⊕ M n :(
Theorem 15. The following conditions are equivalent for a ring R:
(1) R is a semiregular ring and J(R) = Z(R R ); (2) Every finitely generated projective module is a CS-Rickart module which is also a C2 module. (3) Every finitely generated projective module is a SIP-CS module which is also a C2 module. (4) Every finitely generated projective module is a SIP-CS module which is also a C3 module.
. Let P be a finitely generated projective module. By the hypothesis, P is a SIP-CS module which is also a C2 module. Then P ⊕ P is a SIP-CS module which is also a C2 module. Since Proposition 12, P is relatively CS-Rickart to P , it means that P is a CS-Rickart module. Proof. It is obvious. (2) ⇒ (1) Let I be a right ideal of R. We will show that I is a projective module. Call an epimorphism ϕ : F → N for some free right R-module F . Let ι be the inclusion map from I to R R . Consider the homomorphism ι • ϕ : F → R R . By (2), F ⊕ R R is a SIP-CS module. We have from Corollary 18, Ker(ϕ) = Ker(ι • ϕ) is a direct summand F . This gives that F = Ker(ϕ) ⊕ B for some submodule B of F . Thus, I is projective. Proof. (1) ⇒ (2) Assume that S is a semiregular ring with J(S) = ∆(S). As M is a self-generator, J(S) = ∆(S) ≤ Z(S S ). We deduce that S is right C2. This gives that M is a C2-module by [20, Theorem 7.14(1)]. Let α : M → M be an endomorphism of M . As S is a semiregular ring, there exists β ∈ S such that β = βαβ and α − αβα ∈ J(S) by [19, Theorem 2.9] . Call e = 1 − βα. Then e 2 = e ∈ S. As α − αβα ∈ ∆(S), Ker(α − αβα) ≤ e M and hence Ker(α − αβα) ∩ e(P ) ≤ e e(M ). It is easily to check that Ker(α − αβα) ∩ e(M ) = Ker(α). We deduce that Ker(α) ≤ e e(M ). 
Proposition 17. Assume that M is a SIP-CS module. Then for any decomposition
M = M 1 ⊕ M 2 and f : M 1 → M 2 is a homomorphism, then Ker(f ) is essential in a direct summand of M . Proof. Assume that M = M 1 ⊕ M 2 and f : M 1 → M 2 an R-homomorphism. Call T = f a submodule of M . So M = T ⊕ M
